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Abstract 

We study the moduli space of quaternionic Kahler structures on a compact 
manifold of dimension An > 12 from a point of view of Riemannian geometry, 
not twistor theory. Then we obtain a rigidity theorem for quaternionic Kahler 
structures of nonzero scalar curvature by observing the moduli space. 

1 Introduction 

According to Berger's classification theorem, the holonomy group of a simply- 
connected, non-symmetric, irreducible Riemannian manifold of dimension N 
is isomorphic to one of the following; 

SO(N), U(N/2), SU(N/2), Sp(N/4), Sp(N/A)Sp(l), G 2 , Spin(7). 

The Riemannian geometry of special holonomy groups SU(N/2), Sp(N/A), 
Sp(N/4)Sp(l), Cr2 and Spin{7) are called Calabi-Yau, hyperKahler, quater- 
nionic Kahler, G 2 and Spin(7) structures, respectively. During the last score 
of twentieth century, the deformation theory of these structures are stud- 
ied according to individual way to each structure. For example, the defor- 
mations of Calabi-Yau and hyperKahler structures were studied by using 
Kodaira-Spencer theory [lj[20j[21j. But we cannot apply Kodaira-Spencer 
theory to the other structures since they do not admit complex structures. 
Joyce showed that the moduli spaces of G 2 and Spin{7) structures are smooth 
manifolds by studying the closed differential forms which define the struc- 
tures. Then the purpose of this paper is studying the moduli spaces of the 
quaternionic Kahler structures. 
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Each quaternionic Kahler structure has an Einstein metric. If the metric is 
Ricci-flat, then it reduces to a hyperKahler structure. So, if we denote by K g 
the scalar curvature of a Riemannian metric g, we should consider the case 
of Kg > or Kg < for studying quaternionic Kahler structures. 
A Riemannian metric g on 4n-dimensional manifold M is a quaternionic 
Kahler metric if the holonomy group of g is isomorphic to a subgroup of 
Sp(n)Sp(l). Then there are rigidity theorems for the quaternionic Kahler 
metrics as follows. 

Theorem 1.1 ([HI])- Let M be a compact An-manifold, n > 2, and let {g t } 
be a family of quaternionic Kahler metrics on M, of fixed volume, depending 
smoothly on t G R. If go has positive scalar curvature then there is a family 
of diffeomorphisms {ipt} C Diff(M) depending smoothly on t G R such that 
$t9t = 9o- 

Moreover, LeBrun and Salamon [TT] showed that there are, up to isome- 
tries and rescalings, only finitely many compact quaternionic Kahler metrics 
of dimension An of positive scalar curvature for each n > 2. 

Theorem 1.2 (|7j). Let M be a compact An -manifold and let {g t } be a family 
of quaternionic Kahler metrics on M, of fixed volume, depending smoothly on 
tel. If go has negative scalar curvature then there is a family of diffeomor- 
phisms {i/j t } C Diff(M) depending smoothly on t G R such that ip^gt = go- 

The above two theorems are proven by using twistor theory. 
In this paper, we will prove the rigidity for quaternionic Kahler structures in 
the case of K g > and n g < at the same time using Riemannian geometry 
without using twistor theory. 

We apply [S] to the description of the moduli spaces of quaternionic Kahler 
structures. In [5], Goto introduced a notion of topological calibration which 
gives a unified framework of the deformation theory of Calabi-Yau, hy- 
perKahler, G2 and Spiniy) structures. The moduli space of topological cal- 
ibrations is constructed in Riemannian geometric way. 

We define the set of quaternionic Kahler structures of nonzero scalar cur- 
vature on M in Section 3 and denote it by M. q k ■ Since M. q x is a subset 
of closed 4-forms on M, then Q := Diff (M) x R >0 acts on M q k by the 
pull-back and scalar multiple. So we have a quotient space M. q K '■= M. q K/Q 
and the quotient map ir q K '■ M. q K —> M-qK- We will show a rigidity theorem 
for quaternionic Kahler structures as follows. 

Theorem 1.3. Let {^t]teM, £ M-qK be a continuous family of quaternionic 
Kahler structures on compact An- dimensional manifold M for n > 3. Then 
we have ir q K{&t) = ^^(^o) f or o,ny t G R. 
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To show Theorem 1.3, we have to evaluate the dimension of the formal 
tangent space of M. q x at n qK (§). In Section 2, we introduce the deformation 
complex of quaternionic Kahler structures 

— U y{e%) r(E^ +1 ) -±> ■ ■ ■ . 

for each $ G M q k along [5]. If we denote the fc-th co ho mo logy group of the 
above complex by if fe (jj$), then the formal tangent space of M. q x is given by 
H 1 ^®)/^. To prove the rigidity theorem, we need to show that 

(I) the deformation complexes are elliptic complexes, 

(II) H 1 ^) = R. 

It is shown that (I) is true in the case of Calabi-Yau, hyperKahler, G2 and 
Spin(7) structures in [5]. But if we try to show (I) in the case of quater- 
nionic Kahler structures, we have to deal with 4-forms or 5- forms of 4n- 
dimensional vector space, which are so complicated. Hence we need more 
systematic method to study the deformation complex. Then we introduce a 
new method for showing (I) in Section 4. 

In Section 4, we introduce new complexes called the deformation complexes of 
torsion-free 5p(n)Sp(l)-structures, and show they are the elliptic complexes. 
Then we solve (I) by constructing the isomorphisms between the deforma- 
tion complexes of quaternionic Kahler structures and new ones. Since these 
discussions can be applied to the other structures, we can regard the results 
in Section 4 as the unified method to study the deformation complexes of 
topological calibrations. 

We prove (II) in Section 5 by using the Bochner-Weitzenbock formulas and 
vanishing theorems on quaternionic Kahler manifolds due to Homma [6], 
Semmelmann and Weingart |14j . 

Each quaternionic Kahler structure $ G M. q K induces a Riemannian metric 
g$> on M. If g is a quaternionic Kahler metric of nonzero scalar curvature, 
then there is a quaternionic Kahler structure $ G M. q K such that g§ = g. 
Then, it is important to study how many quaternionic Kahler structures 
which induce a given quaternionic Kahler metric g. We will obtain the fol- 
lowing theorem in Section 6. 

Theorem 1.4. Let (M,g) be a An- dimensional Riemannian manifold for 
n > 3 and M. g fc(g) '■= G M. q K\ 9<s> = g}- If 9 is a quaternionic Kahler 
metric, then there is a unique element in A4 q K(g)- 
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2 Geometric structures defined by closed dif- 
ferential forms 



In this section, we introduce Goto's topological calibration theory along 
[3], then state its relation to torsion- free G-structures. 

Let go be the standard inner product on V = R . We have GL^R represen- 
tation p : GL N R — > GL(A k ) by putting p(g)a := (g~ l )*a for g G GL N R and 
a G A k := A k V*. Fix 



such that the isotropy group 

G = {geGL N R;p(g)<5> v = $ v } 
is a subgroup of the orthogonal group O(N). 

In this section, we consider a smooth manifold M of dimension iV. We denote 
by ^f(m) '■ F(M) — > M the frame bundle of M whose fibre is GL^M.. If we 
set 

i2*v(V) := {p(^)$ y G A p <; <? G GL N R}, 

8=1 

then there is a left action of GL atR on R$v(V), given by #i ■ p(g2)& v := 
p((7i(yf 2 )$ y for <7i,<?2 ^ GLatR. Then we have an .R$v(V)-bundle 

i^v(Af) := F(M) x GLnR R^v(V). 

Since R^v{M) is a subbundle of 0; =1 A Pi T*M, we can consider the exterior 
derivative d$ G 0* =1 fi Pl+1 (M) for each $ G r(i? $ v(M)). Then we put 

M^v(M) = {$ G r(i^y(M)); rf$ = 0}. 

By taking proper iV and Q v , we can construct the set of Calabi-Yau, hy- 
perKahler, Gi and Spin(7) structures on M in this manner [5]. We will give 
$ g _ftT G A 4 (R 4n )* which determines the set of quaternionic Kahler structures 
in Section 3. 

Next we see that there js one-to-one correspondence between torsion-free G- 
structures on M and A4^v(M) under a certain condition for $ y . 
Since G is a subgroup of GL N M., we have a quotient space 

R G (M) := F(M)/G, 
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which is a GLjvR/G-bundle over M. Then for each section Q G r(i? G (M)), 
there is a principal G-bundle 

Q := { u G F(M); n G (u) = Qn F(M) (u)}, 

where 7r G '■ F(M) — > F(M)/G is the quotient map. 

By taking a section Q G r(i? G (M)), we may write TM = Q V where 
V" = R^. Then a Riemannian metric gig on M is induced by gQ\ p (u 
x,u Xq y) = go(x, y) for x,y E V , p <E M and u G <3 P - Since G is a subgroup 
of O(N), this is well-defined. 

Definition 2.1. Let Q G r(i? G (M)). A covariant derivative V on TM isji 
connection on Q if V is reducible to a connection on a principal G-bundle Q. 

Definition 2.2. We call Q G r(i? G (M)) a torsion-free G-structure if the 
Levi-Civita connection of gQ is a connection on Q. 

The natural diffeomorphism R$v(V) = GL N R/G induces a bijective bun- 
dle map 

a^v : Rq>v(M) — ► R G (M). 

We put Q$ := G r( J R G (M)) for each $ G r(i2*v(M)). 

We set a G-equivariant map A| v : A fc <g> V" — > 0- =1 A Pi+fe_1 as A| v (a; <g) v) := 
A ^<E> y for uo ® v G A fc ® V, where t is the interior product, and put 
£* v := im(A|J. Then a bundle map A| : A k T*M <g> TM -> £| is induced 

by A| v for each $ G r(itV(M)), where we put E% := Q$ x G E* v . 

Proposition 2.3. Let V be a connection on Q$ for $ = (<£>!,•••, <E» ; ) G 
r(i2*v(Af)). Then we have 

rf$ = A|(T V ), 
where T v is £/ie torsion tensor o/V. 

Proof. We calculate (d<l?)p for a fixed point p G M. Let V be any connection 
on Q$, vi, v 2 , • • • , vn G V be an orthonormal basis and v 1 , v 2 , ■ ■ ■ , v N G V* 
be its dual basis. 

We can take a neighborhood U of p and local section r G r(£7, Q$) which 
satisfy (V£j) p = 0, where £j| x = t(x) x g V{ for x £ U. 

Let $r = E n ,.., Vi Si?,.,*/ 1 A- • "A^ (Z = 1, • • • , N) and ?\ x = r{x) x G v\ 
Then for any x G U, we have 

($0, = a(x)x G $r 
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If we put d^ a = cjg ^ A £ 7 , where c^ 7 are smooth function on U, then 
[f/J»6y] = _c /3 7 &*- So we have 

P; 

= E E(- 1 ) S " 1$ S-^(^ 1 )p A • • • A (^)p A • • ■ A (^)p 
P; 

= E EE^wJ c ^ a ^ a ^(^ a --- a ^)}p 

ii,— ,i Pi s=l /3,7 
h,-,i Pl a,P,i 

= A|(Ec^Ae®Up 
Since we may write 

T V (£p,£~() p = -[£/3,<vy]p 
~~ — C /37(^«)p) 

then we have <i$ p = A|(T V ) P for any p G M □ 

Note that Lie group G acts on 3 := Lie(G) C End(V) = V* <g> V by 
the adjoint action. Let i>i, i>2, • • • , fjv £ V" be a basis and v 1 , v 2 , • • • , v N G V 
be its dual basis. For each Q G F(Rg(M)), there is a sub vectorbundle 
3q '■= Q x g 3 k of A k T*M <g> TM, where 

s fc : = S pan{E( a A a]^) <g> a G A fe ~\ E ® f j G 3} C A fc ® V 
for k > 2, and 

3':= 3, 5°:={0}. 

Then we have an orthogonal decomposition A fc ® V = g k ®Pg where is the 

orthogonal complement. If we put Pq := Q Xq Pg, we have an orthogonal 
decomposition 

A k T*M <g> TM = gJ©Pj 

with respect to </q. 

Let := A% v \ P i^. It is clear that g fc is a subspace of Ker{A k ^ )V ) from 

the definitions of g fe and If we assume that dimE^ v = dimPg, then 

the induced bundle map A% : Pq^ — > P| is an isomorphism for each $ G 

r(iV(M)). 
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Proposition 2.4 ([T5]). We define a linear map a : V*®End(V) —> A 2 ®V 
by 

a(«i <g> m 2 <8> f ) := Mi A m 2 ® f = (mi ® m 2 — m 2 ® Mi) ® v 
for m,e V* , u 2 ®v eV* ®V = End(V). 

Then sl\v*®so(n) '■ V* (g) so(iV) ^ K 2 ®V is an isomorphism, where so(iV) is 
the Lie algebra ofO(N). 

See Proposition 2.1 of [15J as to the proof. 

Proposition 2.5. Let $ G r(i?<j,v(M)) and suppose dimE 2 ^ v = dimPg. 
Then Qq, is a torsion-free G-structure if d<& = 0. 

Proof. Let V be a connection on Qq, and assume that <i$ = 0. We may 
write V = V* + 7, where 7 is a section of Q$ x G (V* ® so (AT)) and V* is 
the Levi-Civita connection of 0$ := gQ^. Then 

T v = T v *+a(7) = a( 7 ). 

Since we have A\{T V ) = d$ = from the assumption and Proposition 2.3, 
then 

a(7)=r v Girer(A|) = r(g^). 

Then 7 is a section of Q<s> Xg (V* ® g) from Proposition 2.4, which means 
7 G fi 1 (gg tji ). Hence we have shown that the Levi-Civita connection V* = 
V — 7 is a connection on Q$. □ 

Theorem 2.6. Lei V be the Levi-Civita connection of g<$> for a section <3? G 
r(i2$v(M)). VFe suppose dimE\ v = dimPg. Then the following conditions 
are equivalent. 

(i)d& = 0. (ii)Q<$> is a torsion-free G-structure. (iii)V<& = 0. 
Proof. Proposition 2.5 gives (i)=^(ii). 

Assume that Q$ is a torsion-free G-structure. Then the Levi-Civita connec- 
tion V is a connection on Q§. If we take p G M, U and • • • ,£ n as in 
Proposition 2.3, then (V£ 4 ) p = 0. So 

Pi 

(v$,) p = E*5 1 ,.. A< (e ii )pA...A(ve'-)pA...A(e^)p 

= 0. 

Thus we have shown V$ = if Q$ is a torsion-free G-structure. 

If we assume V$ = 0, then rf$ = £\ ^ A V 5j $ = 0. □ 
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Next we consider the deformation complex of $o G M.q>v(M). 
Proposition 2.7 Q5J). Let $ G .M$v(M). TTien dT(£?| o ) a subspace of 

r(iC). 

From Proposition 2.7, we obtain Goto's complex 

...^T(El)^T(E^)^.... (1) 

3 Moduli spaces of the quaternionic Kahler 
structures 

In this section, we state the main result in this paper. First, we define 
quaternionic Kahler structures and their moduli space. 
From now on we consider the case of N — An. We put I, J,K G M 4n R be 
almost complex structures on V defined by 

/ O O -E n O \ 
O O O E n 
E n O 
\0 -E n O O ) 



K = 
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—E n 
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—E n 
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E n 











J 



where E n is the unit matrix of GL n R, and set 

ui := g {I; •), vj := g (J; ■), u K := g (K; •)■ 
Then we have an 4-form 

$ g x := itJi A uji + uj,j A ujj + uj k A cu K G A 4 , 
whose isotropy group 

G* gK -={9^ GL N R; p{g)$ qK = <& qK } 
is equal to Sp(n)Sp(l) := Sp(n) X{ ±1 } Sp(l). 

Definition 3.1. Let M be a smooth manifold of dimension An. Then we 
call $o G T(R$ K (M)) is a quaternionic Kahler structure on M if and only 
ifrf$ o = 0. 



O -E n O O \ 

E n O O O 

OOO -E n 

\ O O E n O I 
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There is the irreducible decompositions of S'p(n)S , p(l)-representation ac- 
cording to [3] [IS] , 

A 3 ©C = Apcr 3 © AqO" 3 © Xfa 1 © Ago -1 , 

A 4 © C = A 4 a 4 © A 2 a 4 © a 4 © A 4 a 2 © A 2 cx 2 © X 2 a 2 © A 4 © A 2 © a , 
A 5 © C = X 5 a 5 © A 3 ^ 5 © Xla 5 © A^a 3 © A 3 a 3 © A^a 1 © A 3 ^ 1 © A 3 © C. 

Here we write X^a r = X? © a r where A^ is an irreducible Sp(n)-module and 
a r = S r (C 2 ) is an irreducible 5'p(l)-module. The representation A^ has the 
highest weight (/ii, • • • , ji n ) such that 

2 1 < I < q, 

Hl= { 1 q + l<l<p~q, 
p — q + 1 < I < n. 



Then we have 



Ei qK ®c = xy, 



El qK ®C = X 2 a 2 © Xja 2 © A 



2„2 m \2„2 m \2 m ^0 



a? u ? 



by the definition of $> q K and direct calculation. As to E% qK , there is the 
irreducible decomposition for n > 3 

£| 9A . © C = A?(x 3 © Xla 1 © A 3 © C. 

by US]. 

Weyl dimension formula ptj of Sp(n) reperesentation gives 
,. xp 2"n!ni< iij <„(/ii-/ii)(^ + /ii + 2n + 2)nLi(/ i fc + n + 1 ) 

dtmc K ~ " nL^ ■ 

Then we can calculate the dimension of E\ . 

Theorem 3.2 (|19j). Let M be a An- dimensional manifold for n > 3 and 
$o ^ r(i?$ K (M)). Then the Levi-Civita connection V $0 of g$ reduces to 
the connection of the principal Sp(n)Sp(l) -bundle Q$ if and only ifd$>o = 0. 

Proof. It suffices to show that dimE\ qK = dimP 2 p ^ esp ^ from Theorem 2.6. 
By Weyl dimension formula, we have 

dimE% qK = 24n 3 - 12n 2 - 12n, 

for n > 3. From dim(sp(n) © sp(l)) = 2n 2 + n + 3 and the injectivity of 

a|y*cg>so(4n), we have 

dimP 2 p ( n)ffisp(1) = dim(A 2 ® V) — dim{V* © (sp(n) © sp(l))} 
= 24n 3 - 12n 2 - 12n. 

□ 
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Now we denote the scalar curvature of a Riemannian metric g by K g . If 
the holonomy group Hol(g) is isomorphic to the subgroup of Sp(n)Sp(l), 
then g is Einstein, so n g is constant pj)]. Moreover Hol(g) is isomorphic to 
Sp(n)Sp(l) if and only if ^ 0. So we put 

M qK := {$ G M %K {M); ^ 0}. 

Let := Diffo(M) x R >0 where Diffo(M) is the identity component of 
Diff(M). Then Q acts on M qK by putting (/, c) • $ := cf*$ for (/, c) G 
Thus we obtain the moduli spaces of quaternionic Kahler structures of 
nonzero scalar curvature 

M qK := M qK /Q. 

Next we show the rigidity theorem for quaternionic Kahler structures of 
nonzero scalar curvature. From now on, we suppose that M is compact. We 
will use following lemmas. 

Lemma 3.3. Let M be a compact manifold of dimension An > 12. Then 
Goto's complex of quaternionic Kahler structures 

. . . r(£^) r^ 1 ) • • • 

is elliptic complex at k = 1 for each $ G ,M$ K (M). In particular, there is 
the Hodge decomposition 

r«) = H^ o ©dr«)©^r«), 

where d* k is a formal adjoint operator of d : T(E$ ) — > T^E^ 1 ) and M\, o is 
given by 

Ml o := Ker(At := dd* + d\d : V{E\ ) -> r«J). 

Lemma 3.4. Let M be a compact manifold of dimension An > 12. Then we 
have 

K Q = 

for each $ £ -A^ir- 

We will prove Lemma 3.3 and 3.4 in Section 4 and 5, respectively. 
Let F be a fibre bundle over M and fc > 2n+ 1. Then an L|-section of F is 
a C°-section by Sobolev embedding theorem. By putting (/, c) ■ $ := cf*Q G 
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L 2 {R %K (M)) for (/,c) G L| +1 (Diff (M)) x R >0 and $ G L\(R$, qK (M)), 
an infinite dimensional Lie group Qk+i '■= L 2 k+1 (Di& (M)) x R >0 acts on a 
Hilbert manifold L 2 k (R^ qK (M)). Thus we have a quotient topological space 

A k :=L 2 k (R* qK (M))/g k+1 

and the quotient map n k : L 2 k (R<$, qK (M)) — > ^4 fe . Then we are going to show 

that nk(M q K) is a discrete subset of A k for > In + 1 and n > 3. This is 
proven directly from Proposition 3.7. 

First we consider the neighborhood of 71^ ($ ) £ A k for $ G .M<j> 9if (M). 
Since : Pq 9q — > E\ is an isomorphism, there is the inverse map (A^) -1 . 
Then we define a map ip kt $ : L 2 k {E\ o ) ->■ L 2 k (R$, qK (M)) by (p k ^ (a) := 
p(e (A *o^ la )$ for $ G M* qK {M) and a G L|(£i ), where p(p)$ = 
(^- 1 )*$o for g G L 2 k {GL(TM)) and e x := X Vj' for X G L|(Snd TM). 

The differential of the map (pk,$ at the origin is given by 

(¥>Mo.)o(0) = -^(^o)" 1 ^) = "0 
for /3 G Lj[(££ ). If we put 

(e) := {« e ^(^ ); ||a|| L 2 < £} 
for £ > 0, then there is e > such that 

is a diffeomorphism from inverse function theorem. 

Set 14,* ( £ ) := ( a G E4,* ( £ ); = ? < a ,$o >l 2 ($ )= 0} where < 
a,$o >L2($ )= f M 9* (<x,$o)volge o . 

Lemma 3.5. Let $0 £ "M*<,jc(-^0 anc ^ ^ — 2n + 1. T/ien £/iere an 
open neighborhood W k ^ C ^4jt of 71^ ($ ) which satisfies W k ^ C n k o 
¥>*,*,, 0^*0 ( e )) / or e > 0. 

Proof. Let the map 

F : ^WW £ )) x ^+i( Diff o(M)) x R >0 — L 2 (Rz qK (M)) 

be given by F(<t>, /, c) := c/*$ for $ G </WW £ ))> / e L| +1 (Diff (M)) 
and c G M>o- We take 

(a,X,t) G ^ fci * ©4 +1 (TM)©R 

{vWW £ )) x ^+i(Diffo(M)) x R >0 } 
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where V k ^ := {a G L\(E\^] d* a = 0, < a, $ >l 2 ($ )= 0}. Then the 
differential of F at ($ , , 1) is given by 

F*\ { $ 0jIdMjl) (a,X,t) = t$ + di X ^o + a. 

Thus F*|(* ,jd M ,i) : ^fc,*o © L\+i(TM) © R — ► Lj^E^J is an isomorphism 
by Lemma 3.3, so there are some <5 > and neighborhood N(Td M ,i) C 
L| +1 (DifT (M)) x R >0 = Q k+1 of (7d M , 1) such that F\ VlCi » o( y k {S ))*N lIdMil) is 
a diffeomorphism. In particular, i 71 (v5fc,$ (Vfc i $ ((5)) x iV(/d M ,i)) is an open set 
of Ll(R<s> qK (M)). Hence by putting 

W k ^ := 7T fe o F(<p k # (V k ,* (8')) x % dM ,i)) 

for <5' = min{5, e}, we have 

W fc ,$ C 7T fe o F(^ fc ,$ (V r fci $ (£)) x %d M ,i)) = n k o ^,$ (\4,$ (e)). 

□ 

Proposition 3.6. Lei $ G M. q x and n > 3. T/ien i/iere e > which 
satisfies the following condition. If <E> G y?2n+i,<j>o(^2n+i, $()(£)) satisfies rf$ = 
; £/ien $ = $ - 

Proof. Fix £ > and $ G y?2n+i,<i>o(^2n+i,*o( £ ))- Then we may write $ = 
p(e a )$ for 

a ^ -^2n+i(-^<3 $ ) which satisfies A^ o ( K a) G V2 n +i,$ ( £ )- If we put 
P*(a)/3:=| . S^rP 



t=o 



for (5 G Q"(M), then it follows p*(a)$o = -^4$ (a) and 

p( e a )$ = ]T-{p^)HV 



7 

i=o J 



Then 



^ = dJ2-{pM)Y% 

3=0 3 ' 

oo 1 

= -^ o (a) + ^-4p,(a)H$ . (2) 
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i=2 J 



Since the linear operators 

p. : LL +1 (^(TM))^LL +1 (i?nrf(A 4 T*M)), 
d : Lj n+1 (A i T*M)^Lj n (A 5 T*M) 
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are the bounded operators, there are constants s, K , K 1 > depending only 
on M and $ , such that 

||{p*(a)}^ |U L+1 < ^||a|li L+i ll$o||L L+1 , 
\W\\ Lln < KMl^ 

for a E L 2 2n+1 (P^ Q ) and e L 2 2n+1 {^T*M). So we have 

^-4p*(«)H$oIL l < £ ^Kp*(«) }^olL L 

J'=2 J ' 



^| " - ' - ""211 t-^i r.\ 

j=2 J ' j=2 J ' 



J'=2 • 7 ' 

^ lS 2 ||$o|| LL+i ||a||i L+i /( S ||a|| LL+i ), 



where a C°°-function / : R — > R is given by 

/(*) = 



'e x — 1 — a;) /re 2 (1 ^ 0), 
1/2 (x = 0). 

If we take e < (K 2 s)~ 1 where K 2 is the operator norm of the bounded 
operator 

then we have 

f( s \\ a \\L'j n+1 ) < fmax ■= max{f(x); x E [0, 1]} < 00. 
From now on, we suppose d$ = 0. Then (2) gives 

dA l ( a ) = $^-y4P*(a)}^o, 

so it follows 



3=2 J 



00 1 

\\dA\ {a)\\ Lln = WYsJApMY^Wl^ 

3=2 h 

< K KJ max s^%\\ LL Ja\\l L+i . (3) 
From Lemma 3.3 and Lemma 3.4, there is the decomposition 

£L+i«) = ^®dLl n+2 {E% o )@d\Ll n+2 {El o ) 
= M$ ©LL +1 (/m(A fl )). 
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Then A$ (a) is an element of d\Ll n+2 {E\ o ) since A\ (a) G V2 n +i,<s> { £ ) ■ From 
Lemma 3.3, there is the Green operator 

(MA,)), 

which is the inverse operator of A^| L 2 1 (/ m (A (t ))- Since ^^^(a) = 0, we have 

= l|G tt A fl ^ () (a)|| LL+i 

< K 3 K4\dAl o (a)\\ LL , (4) 



where and K± are the operator norms of G$ and d^, respectively. 
Thus we have an inequality 

from (3) and (4). Then we obtain an estimate 

IHI^L+it 1 - K oKiK 2 K 3 K A s 2 f max \\%\\ L 2 n+i \\a\\ LL+i ) < 0. 

So if we put e = min{(K 2 s)~ l ,{2K Q K 1 K 2 K 3 K i s 2 f max \\^ Q \\ L 2 n+i )- 1 } > 0, 
then it follows II all T 2 =0, which means $ = <3> - □ 

Proposition 3.7. Let <£> £ and n > 3. Tnen £ne set {7r fc ($ )} an 

open subset of ^(.M^) /or fc > 2n + 1. 

Proof. Take e > as in Proposition 3.6. We can take an open set Wk,® of 
Ak such that Wk,$ C iik o Vfc.SoC^fc^oC 6 )) from Lemma 3.5. Then Wk,$ fl 
ftki-MqK) is an open set of Tik(-MqK)- Let x be an element of Wk,® o r\irk(M.qK) ■ 
Then we may write x = 7r / t($) for some $ G <Pk,$o(Vk,<t> {£)), but Proposition 
3.6 gives $ = $ojince (V*,*,,^)) C <p 2 rH-i,*o0' r 2n+i 1 *o( e ))- Hence we 
have Vy fei$0 fl n k (M qK ) = W$o)}- □ 

Thus we have shown that ithi-M-qK) is a discrete subset of A k for k > 2n+l 
and n > 3. Next we are going to prove Theorem 1.3. 

Lemma 3.8. Let & a ,&b G .M$ 9jf (M) and N > 2n + 1. Suppose that 
n k ($ A ) = n k ($ B ) /or any k > N. Then there is (/, c) G £ = Diff (M) x ]R >0 
snc/i that cf*<&A = 

Proof. Suppose that we have 7r k (&A) = ^(^b) for any k > N. Then there 
is (fk, Cfe) G Qk+i such that c k f k ^A = $b for each so we have cat/^$a = 
Ckfk^A- Since each / fe is homotopic to Jd M , we have \c k fl^A\dR = [ck$A\dR 
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where [6}dR £ Hj R (M) is the de Rham class of a closed form 6 G f2 4 . Then 
if we denote by LT^ the harmonic projection with respect to g$ A , we have 

n h (ckfk®A) = n h (c fc $ A ) = c fc $ A . 

Hence it follows that c^a = c^a, which gives = c^. Then o f^ 1 e 
^Ar+i(Diffo(M)) is an element of 

/* A := {/ E L^ +1 (Diff (M)); = 

According to [IB], if a C 1 diffeomorphism / : M — > M preserves a smooth 
Riemannian metric, then / is smooth. Since each element of i$ A preserves 
smooth Riemannian metric g$ A , then J$ A is a subgroup of Diff (M). So 
fk '■= In ° /fc" 1 ^ s an element of Diff (M), then we may write /at = jfc ° fk, 
which is an element of L^ +1 (Diff (M)). Thus is an element of 

oo 

fl 4 +1 (Diff (M)) = Diffo(M). 

k=N 

□ 

Now we have a quotient space M. q K '•= M-qx/Q an d the quotient map 

K qK ■ M qK ► M qK - 

Definition 3.9. Quaternionic Kahler structures {$i}i £ R C M. q K is a con- 
tinuous family if the map 

$ k :R^Ll(R* qK (M)) 

defined by $fc(i) := is a continuous map for each A; > 2n + 1. 

Then a rigidity theorem for quaternionic Kahler structures is obtained as 
follows. 

Theorem 3.10. Let {&t}teR C -M,^ 6e a continuous family on a compact 
manifold M of dimension An for n > 3. Then we have Tc q K{&t) = TTgif(^o) 
for any t £ R. 

Proof. Since the maps 7rfcO$ fc are continuous maps, we have vr^.($ t ) = 7Tfc($o) 
from Proposition 3.7. Then by Lemma 3.8, we obtain 7r g K-($ t ) = 7i q K(^o)- 

□ 
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4 Deformation complexes of torsion-free G- 
structures 

The purpose of this section is to give the proof of Lemma 3.3. We introduce 
new complexes; the deformation complexes of torsion-free G-structures. The 
new complex is elliptic at k — 1 if G satisfies a certain condition. Then we 
can construct an isomorphism between the deformation complex of torsion- 
free 5'p(n)S'p(l)-structures and Goto's complex (1) of quaternionic Kahler 
structures. 

Let G be a Lie subgroup of O(N) and M be a compact manifold of dimension 
N. Fix a torsion-free G-structure Q € V(R G {M)). Let dj : Vt k {TM) -> 
Qk+i (t>m^ ^ e C ovariant exterior derivative of the Levi-Civita connection 
V of qq. Then it is easy to see that r(gg) is a subspace of r(tfg +1 ) for 
k — 1, 2, • • •. Moreover, there is a following property. 

Proposition 4.1. Let Q e r(i2c(M)) &e a torsion-free G -structure, and V 
6e toe Levi-Civita connection of g Q . Then dj +l o c^(r(A fe T*M <g> TM)) is a 
subspace of T(§ k Q 2 ) . 

Proof. First we suppose k — 0. We are going to show (rf v ) 2 X e r(tjg) for 
each IG^(M). 

Fix p <E M, and take a neighborhood U oi p and local orthonormal frame 
£i, • • • > £jv G <^ (t-0 and its dual frame • • • , £ N e as in the proof of 

Proposition 2.3. Let i? G Q 2 ($q) be a curvature tensor of V, and we may 
write = Em^m and X = e *(£/) on U. Since the 

curvature tensor of G-connection is a section of the vector bundle induced 
by the adjoint action of g, so Ez, m G T{T*U ® TU) is a section of 

Sq|[/. Then we have 

{d v fx= /^/.v'rA- c,. 

i,j,J,m 

So it follows that 

= 2^x'e'A(^i?-e®Uer(3 Q ). 

from the first Bianchi identity, i?^ + + R™j = 0. Next we show the 
case of k > 1. It suffices to show that (d v ) 2 (a ® X) e T(gQ +2 ) for each 
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a G Q k {M) and X G X(M). Then we have 

((ff(a®X) = d v (rfa®I + (-lf«AVI) 

= d 2 a®X + (-l) k+1 da A VX + (-l) k da A VX 

+a A (d v ) 2 X 
= aA(rf v fleC) 

from the case of k — 0. □ 

We define a differential operator djj? : T(P k ) -> T(P^ +1 ) by dj? := pr^+i o 

, where prp fc : A k T*M ® TM — > Pg is the orthogonal projection. Then 
from Proposition 4.1, we obtain the deformation complex of torsion-free G- 
structures 

... d hr(P k )^r(P^) d h.... (5) 

Next we will see that the complex (5) is elliptic at k — 1. We denote 
by Sbk(u) the symbol of the differential operator d® at w G V* — {0}. Let 
pr P fc : A fc ® V — > P„ be the orthogonal projection. Then we have 

Sb k (u)(X) = pr pk+ i(uAX) 
3 

for X = X^!,...,^ X h-ik vH A • • • A f lfc ® f j G Pg. To prove that the complex 
(5) is elliptic at A; = 1, we have to see the complex 

•Sbfc-iO) fc Sb k (u) p k+l Sb k+i(u) 
... > > > ■■■ 

is the exact sequence at P^. 

We have an orthogonal decomposition V = M.v © W v with respect to go for 
each v E V — {0}. The decomposition induces the orthogonal projection 
p v : End(V) — > EW(W„), then we can consider the following conditions for 
G C O(N). 

(CI) The linear map p v \$ : g — > End(W v ) is injective for each v G V — {0}. 

The condition (CI) is equivalent to the following condition. 

(C2) Let vi, v 2, • • • , v n £ V be any orthonormal basis and v 1 , t> 2 , • • • , v N G V* 
be its dual basis. Then for all A = A\v l ®Vj G g, A = if A\ — for i,j ^ 1. 
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Lemma 4.2. Suppose that the Lie subgroup G C O(N) satisffies (CI). For 
all a G EndiV) and u G V* — {0}, we may write a = b + u <E> w for some 
b G 3 and wEVifuAaE§ 2 . 

Proof. We may take u G V* — {0} as go(u, u) = 1. Then we fix an orthonormal 
basis f 1 = u, v 2 , • • • , v N G V* and its dual basis v±, t>2, • • • , vn G Vwith 
respect to g . Suppose that v 1 A ^ fc ajV* <S> v k — ^ . fc -B^f 1 A f- 7 <g> for 
« = Ej,* ® ^fc e Enrf(V) and £\ fc <g> v fe G g for i = 1, 2, • • • , N. 
Then 

j,k i<j k 

So we have 

a) = B%-B) x (jVI), (6) 
B%-B% = (7) 

Now B\j satisfies = —B\ k for any k since J2 j k B^v j ®v k G g C so(iV). 
Then (7) gives S^- = for i, j, 7^ 1. Hence = for i ^ 1 and j, fc = 
1, • • • , iV from (C2). Then 

a = ^2 a j vj ® w fc 

fc j^l k 

Since 5^ = for j ^ 1 and fc = 1, • • • , N, we have 

k j,k k 

Then we have finished the proof by putting b = J2j k B\j v ^ ® v k and w = 

Proposition 4.3. Let G be a Lie subgroup ofO(N) satisfying the condition 
(CI). Then the complex (5) is elliptic at k = 1 for any torsion-free G- 
structure Q. 

Proof. Let a G Pg, u G V* - {0} and Sbi(u)a = 0. Since Sbi(u)a = means 
that u A a is an element of g 2 , we may write a = b + u A w for some & G 3 
and w G V from Lemma 4.2. Hence we obtain 

a = pr-pi (a) = pr P i (b + u Aw) = pr P i (u Aw) — Sb (u)w. 
3 3 3 

□ 
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Proposition 4.4. If a Lie group G C O(N) is defined by 

G:= {g G GL N R; p(g)$ v — <E> y } 
/or $ y G 0- =1 A P4 ; £/ien G satisfies the condition (CI). 

Proof. Let v±, ■ • ■ , v n be an orthonormal basis of V = M™, and i; 1 , • • • , v n be 
its dual basis. We suppose that A = s ^ li jA\v l <g> Vj is an element of g and 
= for i,j 7^ 1. From the definition of G, we have 

l<j<n 2<i<n 

So we have 

^At,/ = 0, 

i<i<« 

^ 4Va s $ v = o. 

2<i<n 

Thus we have shown $^i<j<n A\v l ®Vj and X^2<j<n A 1 1,1 ® v i are the elements 
of g C so(N). Hence we obtain A{ — A\ — for any i, j. □ 

It is easy to see A^\d^P) = dA% o (f3) for (5 G tt k (TM) by direct calcu- 
lation using local orthonormal frame appear in the proof of Proposition 2.3, 
and we have the following proposition. 

Proposition 4.5. Let $ G M.$v(M). Suppose that dimE^ v = dimPy for 
k = 1,1 + 1. Then A 1 and A l+1 are isomorphisms and d o A 1 q = A 1 ^ o d®*° . 

Now, we have dimE^ v = dimPg by the definition of G. So we have the 
following. 

Proposition 4.6. Let $ G Ai^v(M) and suppose that dimE^ v = dimPg. 
Then the complex (1) is an elliptic comlex at k = 1. 

Since dimE\^ K = dimP^ n ^ sp ^ from the proof of Theorem 3.2, we have 
shown Lemma 3.3. 
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5 Bochner-Weitzenbock formulas on the 
quaternionic Kahler manifold 

In this section we give a proof of Lemma 3.4. 

Lemma 5.1. Let $ G M q K, and Ajj = dd* Q + d\d be as in Lemma 3.3. Then 
we have Ker = IR$ for n > 3. 

Proof. By the definition of E% qK , we have E\ qK = A 1 (EndR An ). Since there 
is a natural decomposition 

EndR in = so(4n) © R(Id R *n) © symm (4n), 

where symrri,, (An) = {A G EndM. 4n ; l A = A, trace(A) = 0}, we have 

E\ qK = A 1 (so(4n)) © A 1 (RId R 4n) © J 4 1 (symm (4n)) 

= A + ®R$ qK ® A~, 

by putting A + = A 1 (so(4n)), A - = A 1 (symm (4n)). Then the above de- 
composition induces E\ Q = A£ q © R$ © Aj Q . Note that A + © C = Agcr 2 , 
A- © C Afc 2 © Aq and = <r°. 

Let the map J : E\ — > E£ be given by J(a) := *(ct A $o~ 2 ) where * is 
the Hodge star operator with respect to g$ Q . Then we can calculate J (a) by 
using decomposition E\, Q = A^ Q © R$ © 
(i) Let ct = $ - Then we have 
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J($o) = *($ A $£- 2 ) = = ^^$o 

where c„ is given by = c n vol go . 

(ii) Let a = X^j a i£* ^ ^j^o G ^4$ ) where are as in the proof of 

Proposition 2.3, and a] = —a*- Then we have 

J(a) = *(J2 a ^ AL ^A%' 2 ) 



= ^i*(E^ A ^ _1 ) 

E°^ J ' At 6 $ o = w _i 'T' a 



n 

hi 



L fl K At ?. $ o = 7 

n — 1 c n J n — 1 
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(iii) Let a G A^ Q . By calculating in the same way as (ii), we have 



|2 



t / x 1 \%K\ 

J{a) = a. 

n-1 c„. 



From (i)(ii)(iii), it follows 



|2 



J(a) = ^ qKl (a H — -ol+ — -aJ) 

c n n — 1 n — 1 

for a = a + a + + a_ G r(R$ © i£ o © i #0 ). 

Let a is an element of Ker Ajj, which means da = d^a = 0. Then 

d*J(a) = - * d(a A $ ) = - * (da A $ ) = 0. 

Let po '■ A 3 T*M — > E$ be the orthogonal projection. Since the formal 
adjoint d^ is given by d$ = pod*, we have two equations 

r- 1 1 

cTJ(a) = d*(ao~\ -a + -«_) = 0, (8) 



I^Vd 2 n-1 n-1 

c?qQ; = p d*(ao + a + + a_) = 0. (9) 

Then by calculating (n — l)p x (8) + (9), we obtain 

npod*ao + 2p d*a + = 0. (10) 

Since d*a G T(El o ), the equation (10) is equivalent to 

nd*a + 2p d*a + = 0. (11) 

There are non-trivial S'p(n)5'p(l)-equivariant maps 

T : R% K - A , Ti : £° qK - A 1 , T 2 : A+ - A 2 . 

Since T and Ti are isomorphisms and T 2 is injective, each Tj is deter- 
mmined uniquely up to scalar multiple by Schur's lemma. Then the bundle 
maps 



To,<j> 


R$ — 


-> A°T*M, 


Ti,$ 




-> A^M, 


T 2 ,$ 


A i - 


-> A 2 T*M 



are induced by <5$ and each Tj. From Schur's lemma, there are nonzero 
constants C , C + G R which satisfy 

Ti,$ (rf*ao) — Co^T 0i $ (ao), 
Ti,* (po<f «+) = C+d*T 2 ,$ (a;+), 

21 



since M& q x, E% and A + are the irreducible Sp(n)Sp(l)-modules. So the 
equation (11) is equivalent to 

nC dt ,$ (a ) + 2C+d*f 2 ,# (o!+) = 0, 

which gives dT 0) $ (ao) = ^*T2,<i> (q;+) = 0. Since T lj(J , is an isomorphism, 
we obtain 

d*a = p d*a+ = 0. (12) 
Next we consider the condition da = 0. There is the decomposition 

E l Q = (^o ff3 K © (^i ff3 )*o © (^o ffl K © (AfV 1 )^ © (a£t 3 ) 0o © (Ajo- 1 ) 0o 
induced by the decomposition of £>| x as in Section 3. By taking the orthog- 
onal projection : E\ o — > (AoCr 3 )$ , we have 

n A 3 CT3 (da + ) = 0, (13) 

because the irreducible Sp(?7,)5p(l)-decomposition of V* ®(R& q K®A~) does 
not contain the component of AqCX 3 . 

Since the space A + is isomorphic to Agcr 2 as an Sp(n)Sp(l)-module, there 
are the irreducible decomposition 

T*M®i+ = (A 3 >)* © (Ag<r 3 )* © (A5>)* 

©(AgV 1 )^ © (A?V)* © (AJ>)$ , 

and orthogonal projections pr x p a r '■ T* M®A~^ o — > (Ag<7 r )$ . Then differential 
operator D ab on r(A^ o ) are defined by 

D i,i ■= P r \{a* ° V, Di j3 := pr A 3 CT3 o V, £>i,-2 := Fa^s o V, 
D_ lA := pr A 3 ff i o V, D_ 1>3 := pr A 3 CT i o V, D_i ( _ 2 := pr A i CT i o V, 

where V is the Levi-Civita connection of g$ . According to [Bj, there are 
equations for B ab := (D ab )*D ab and the scalar curvature k S4>0 , where (D a b )* 
is the formal adjoint of D a>b , 

^^^ = -B hl + 2B li3 + 2nB 1} _ 2 (14) 

+ 2B_ li3 + 2nfl_i,_ 2 , 
2 K fl . = -2(5^ + Bi >3 + Bi,_ 2 ) (15) 



72 + 2 



72 + 2 



+4(£_i,i + B_i i3 + B_i_ 2 ), 
= -2(n + 2)B 1 , 1 +4(n-l)Si,3-4n(n-l)Bi,_ 2 (16) 
+4(n + 2)fl_i,i - 8(n - l)B_l,3 + 877(77 - l)B_i,_ 2 . 
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Now we have p d*a + = and U X 3 a 3(da + ) = from (12) (13), which gives 
B-1-2&+ = and £>i i3 a + = 0, respectively. So by calculating 2{n 2 — n — 
2) x (14) - n(n + 3) x (15) + ^ x (16), we have 

-(2n + l)(n - 2)S li ia+ - 2(n - 2)(n + 2) J B_i i i«+ 
-4(2n+ l)(n + l)B_i, 3 a + 

= 0. 

Then by taking L 2 inner product with a+, it follows that 

_( 2n + i)(„ _ 2)|| J D ljl a + ||i 2 - 2(n - 2)(n + 2)|| J D_ lil a + || 2 j2 
-4(27i + l)(7i+l)||£Li l3 a + ||| a 

= 0, 

which gives -Bi^aq. = 5_i i ia; + = B^\^a + = since n > 3. Hence (14) and 
(15) gives 2nBi „ 2 a + = ^K g0Q a + and -S x _ 2 0! + = ^/« s$o q; + , respectively 
Then by vanishing Bi _ 2 from above two equations, we obtain ^^-K 9tI)o a + = 
0. Since we suppose the scalar curvature is nonzero, we have a+ = 0. 
From (11) and a + = 0, we have d*ao = 0. If we write ao = /3>o f° r 
/ e C°°(M), then d*a = means = since the map *(■ A *$ ) : T*M -> 
A 3 T*M is injective. So a is given by a = c$ f° r c G M. 
Thus it follows da_ = 0, <i*a:_ = from (8) and da = da^ = da + = 0. 
But there is no nonzero harmonic forms on r((A 2 <7 2 )$ © (Aq)$ ) according 
to the vanishing theorems on the quaternionic Kahler manifold |6J[14J, hence 
we obtain a_ = 0. □ 



6 Quaternionic Kahler metrics and the re- 
duced frame bundles 

Let g be a Riemannian metric on M whose holonomy group Hol(g) is 
isomorphic to Sp(n)Sp(l). Then we set 

M qK (g) ■= {$ e M qK ] gi> = g}- 

The purpose of this section is showing that there is a unique element in 
M qK {g). 

We use following proposition, which can be seen in [S] p. 46. 

Proposition 6.1 ([8]). Let g be a quaternionic Kahler metric on a connected 
manifold M of dimension An. Then there is a one-to-one correspondence 
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between M. q K{g) and homogeneous space Sp(n)Sp(l)\N(Sp(n)Sp(l)), where 
N(Sp(n)Sp(l)) is defined by 

N(Sp(n)Sp(l)) := {x G 0(4n); ^{^(^^(l)}^ 1 C Sp(n)Sp(l)}. 

Proposition 6.2. Let g be a jjuaternionic Kdhler metric on a manifold M 
of dimension 4n > 12. Then AA q K{g) has only one element. 

Proof. From Proposition 5.1, it suffices to show that 

N{Sp{n)Sp{l)) = Sp{n)Sp{l). 

Let p be as in Section 3. If we take x G N(Sp(n)Sp(l)), then xhx' 1 is an 
element of Sp(n)Sp(l) for any h G Sp(n)Sp(l). So it follows that 

p(xhx~ l )$ qK = § qK , 
p(h)p(x- 1 )^ qK = p(x- l )^ qK , 

for any h G Sp(n)Sp(l). It means that p(x~ 1 )^ qK is an element of 

( A 4)Sp(n)Sp(l) ;= | a e A 4. = a for any ^ e 

Then we may write p(x^)^ qK = \<& qK for A G R since (A 4 )^")^ 1 ) ^ R 
from the irreducible Sp(n)Sp(l)-decomposition of A 4 in Section 3. Since we 
have 

(p(x- l )% K ) n = P {x- l )$ n qK = det(x)$ n qK: 

it follows that A = ±1. So we have 

N(Sp(n)Sp(l)) = {xe 0(4n); pix' 1 )^ = ±$ qK }, 

and it follows that the irreducible Sp(n)Sp(l)-module Rui®Ruj®Ruk C A 2 
is an irreducible N(Sp(n)Sp(l))-modu\e. Then we may write 

p(x~ 1 )ui = A x ui + A 2 ujj + A 3 u K , 
p(x~ 1 )uj = Biui + B 2 uj + B 3 u K , 
p(x~ l )u K = C]Ui + C 2 uj + C 3 u K , 

for some A h B h Q G R. If p{x~ 1 )^ qK = -® qK , then A\ + A\ + A\ = -I. 
Hence p(x~ 1 )^ q K has to be p(x~ r )<& qK = & q x, which means x G Sp(n)Sp(l). 
Thus we have shown N(Sp(n)Sp(l)) = Sp(n)Sp(l). □ 
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